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Quick installation

ÁDownload site  http://crd.lbl.gov/~xiaoye/SuperLU

ÅUsersô Guide,  HTML code documentation

ÁGunzip, untar

ÁFollow README at top level directory

ÅEdit make.inc for your platform (compilers, optimizations, 

libraries, ...)

(may move to autoconf in the future)

ÅLink with a fast BLAS library

ÅThe one under CBLAS/ is functional, but not optimized

http://crd.lbl.gov/~xiaoye/SuperLU
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Outline of Tutorial

ÁOverview of the functionality

ÁBackground of the algorithms

ÅDifferences between sequential and parallel solvers

ÁSparse matrix data structure, distribution, and user 

interface

ÁExamples, Fortran 90 interface
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Sparse linear solvers

5

ÁSolving a system of linear equations Ax = b

ÅSparse:  many zeros in A;  worth special treatment

ÁIterative methods

ÅA is not changed (read-only)

ÅKey kernel: sparse matrix-vector multiply

ÅEasier to optimize and parallelize

ÅLow algorithmic complexity, but may not converge for hard 

problems

ÁDirect methods

ÅA is modified (factorized)

ÅHarder to optimize and parallelize

ÅNumerically robust, but higher algorithmic complexity

ÁOften use direct method to precondition iterative 

method
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Available direct solvers

ÁSurvey of different types of factorization codes

http://crd.lbl.gov/~xiaoye/SuperLU/SparseDirectSurvey.pdf

ÁLLT (s.p.d.) 

ÁLDLT (symmetric indefinite) 

ÁLU (nonsymmetric)

ÁQR (least squares)

ÁSequential, shared-memory (multicore), distributed-memory, out-

of-core

ÁDistributed-memory codes: usually MPI-based

ÁSuperLU_DIST [Li/Demmel/Grigori]

Åaccessible from PETSc, Trilinos

ÁMUMPS, PasTiX, WSMP, . . .

6

http://crd.lbl.gov/~xiaoye/SuperLU/SparseDirectSurvey.pdf
http://crd.lbl.gov/~xiaoye/SuperLU/SparseDirectSurvey.pdf
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SuperLU Functionality

ÁLU decomposition, triangular solve

ÁIncomplete LU (ILU) preconditioner (serial SuperLU 4.0)

ÁSolving transposed system

ÁMinimum degree ordering [MMD, Liu `85] applied to ATA or 

AT+A

ÁUser-controllable pivoting

ÅPre-assigned row and/or column permutations

ÅPartial pivoting with threshold

ÁEquilibration: 

ÁCondition number estimation

ÁIterative refinement

ÁComponentwise error bounds [Skeel `79, Arioli/Demmel/Duff 

`89]

cr ADD
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Software Status

ÁHave interface for Fortran users

ÁSuperLU_MT similar to SuperLU both numerically and in usage

SuperLU SuperLU_MT SuperLU_DIST

Platform Serial SMP Distributed

memory

Language C C + Pthreads

or OpenMP

C + MPI

Data type Real/complex,

Single/double

Real/complex,

Single/double

Real/complex,

Double
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Adoptions of SuperLU

ÁIndustry

ÅCray Scientific Libraries

ÅFEMLAB

ÅHP Mathematical Library

ÅIMSL Numerical Library

ÅNAG

ÅSun Performance Library

ÅPython (NumPy, SciPy extensions)

ÁResearch

ÅIn other ACTS Tools: Hypre, PETSc, Overture, Trilinos

ÅM3D-C1, NIMROD (simulate fusion reactor plasmas)

ÅOmega3P (accelerator design)

Å. . .
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Review of Gaussian Elimination (GE)

ÁSolving a system of linear equations Ax = b

ÁFirst step of GE:  (make sure      not too small . . . may need pivoting)

ÁRepeats GE on C

ÁResults in {L\U} decomposition (A = LU)

ÅL lower triangular with unit diagonal, U upper triangular

ÁThen, x is obtained by solving two triangular systems with L and U
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Sparse GE ðfill - in

ÁScalar algorithm: 3 nested loops

ÅCan re-arrange loops to get different variants: left-looking, right-

looking,  . . .

1

2

3

4

6

7

5L

U for  i = 1  to  n

column_scale ( A(:,i) )

for k = i+1  to  n  s.t. A(i,k) != 0

for j = i+1  to  n  s.t. A(j,i) != 0 

A(j,k) = A(j,k) - A(j,i) * A(i,k)

Typical fill-ratio: 10x for 2D problems, 30-50x for 3D problems
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Representation: Compressed Row Storage (CRS)

ÁStore nonzeros row by row contiguously

ÁExample: N = 7,  NNZ = 19

Á3 arrays:

ÅStorage: NNZ reals,  NNZ+N+1 integers
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nzval    1  a   2  b    c  d  3   e  4  f   5  g   h  i  6  j   k  l  7

colind    1  4    2  5   1  2  3   2  4 5   5  7   4  5 6 7  3  5  7

rowptr   1  3  5  8  11  13  17  20

1            3             5                 8                11         13                 17              20

ñTemplates for the Solution of Linear Systems: Building Blocks for Iterative  Methodsò, 
R. Barrett et al.
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General Sparse Solver

ÁUse (blocked) CRS or CCS, and any ordering method
ÅLeave room for fill-ins !  (symbolic factorization)

ÁExploit ñsupernodeò (dense) structures in the factors
ÅCan use Level 3 BLAS

ÅReduce inefficient indirect addressing (scatter/gather)

ÅReduce graph traversal time using a coarser graph

13
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Overview of the Algorithms

Á Sparse LU factorization: Pr A Pc
T = L U

Å Choose permutations Pr and Pc for numerical stability, 

minimizing fill-in, and maximizing parallelism.

Á Phases for sparse direct solvers

1. Order equations & variables to minimize fill-in.

Á NP-hard, so use heuristics based on combinatorics.

2. Symbolic factorization.

Á Identify supernodes, set up data structures and allocate memory for 

L & U.

3. Numerical factorization ïusually dominates total time.

Á How to pivot?

4. Triangular solutions ïusually less than 5% total time.
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Numerical Pivoting

ÁGoal of pivoting is to control element growth in L & U for stability

ÅFor sparse factorizations, often relax the pivoting rule to trade with 

better sparsity and parallelism (e.g., threshold pivoting, static pivoting , . 

. .)

ÁPartial pivoting used in sequential SuperLU (GEPP) 

ÅCan force diagonal pivoting (controlled by diagonal

threshold)

ÅHard to implement scalably for sparse factorization

ÁStatic pivoting used in SuperLU_DIST (GESP)

ÅBefore factor, scale and permute A to maximize diagonal: Pr Dr A Dc= Aô

ÅDuring factor Aô = LU, replace tiny pivots by , without changing data 

structures for L & U

ÅIf needed, use a few steps of iterative refinement after the first solution

Č Quite stable in practice
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Ordering : Minimum Degree

Local greedy: minimize upper bound on fill-in

Eliminate 1

1
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Eliminate 1
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Ordering : Nested Dissection 

ÁModel problem: discretized system Ax = b from certain 

PDEs, e.g., 5-point stencil on  n x n  grid,  N = n^2

ÅFactorization flops: 

ÁTheorem: ND ordering gives optimal complexity in exact 

arithmetic [George ô73, Hoffman/Martin/Rose]

)()( 2/33 NOnO =
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ND Ordering

ÁGeneralized nested dissection [Lipton/Rose/Tarjan ô79]

ÅGlobal graph partitioning: top-down, divide-and-conqure

ÅBest for largest problems

ÅParallel codes available: ParMetis, Scotch

ÅFirst level

ÅRecurse on A and B

ÁGoal: find the smallest possible separator S at each level

ÅMultilevel schemes: 

ÅChaco [Hendrickson/Leland `94],  Metis [Karypis/Kumar `95]

ÅSpectral bisection [Simon et al. `90-`95]

ÅGeometric and spectral bisection [Chan/Gilbert/Teng `94]
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ND Ordering

2D mesh A,  with row-wise ordering

A,  with ND ordering L &U factors
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Ordering for LU ( unsymmetric )

Á Can use a symmetric ordering on a symmetrized 
matrix

Å Case of partial pivoting (serial SuperLU, SuperLU_MT):

Use ordering based on AT*A

Å Case of static pivoting (SuperLU_DIST): 

Use ordering based on AT+A

Á Can find better ordering based solely on A, without 
symmetrization 

Å Diagonal Markowitz   [Amestoy/Li/Ng `06]

Å Similar to minimum degree, but without symmetrization

Å Hypergraph partition   [Boman, Grigori, et al. `08]

Å Similar to ND on ATA, but no need to compute ATA
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Ordering Interface in SuperLU

ÁLibrary contains the following routines:

ÅOrdering algorithms: MMD [J. Liu], COLAMD [T. Davis]

ÅUtility routines: form AT+A , ATA 

ÁUsers may input any other permutation vector (e.g., 
using Metis, Chaco, etc. )

. . .

set_default_options_dist ( &options );

options.ColPerm = MY_PERMC;    // modify default option

ScalePermstructInit ( m, n, &ScalePermstruct );

METIS (  . . . , &ScalePermstruct.perm_c );

. . .

pdgssvx ( &options, . . . , &ScalePermstruct, . . . );

. . .
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Symbolic Factorization

ÁCholesky [George/Liu `81 book]

ÅUse elimination graph of L and its transitive reduction 

(elimination tree)

ÅComplexity linear in output: O(nnz(L))

ÁLU

ÅUse elimination graphs of L & U and their transitive reductions 

(elimination DAGs) [Tarjan/Rose `78, Gilbert/Liu `93, Gilbert `94]

ÅImproved by symmetric structure pruning [Eisenstat/Liu `92]

ÅImproved by supernodes

ÅComplexity greater than nnz(L+U), but much smaller than 

flops(LU)
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Numerical Factorization

ÁSequential SuperLU

ÅEnhance data reuse in memory hierarchy by calling Level 3 

BLAS on the supernodes

ÁSuperLU_MT

ÅExploit both coarse and fine grain parallelism

ÅEmploy dynamic scheduling to minimize parallel runtime

ÁSuperLU_DIST

ÅEnhance scalability by static pivoting and 2D matrix distribution
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SuperLU_MT  [Li/Demmel/Gilbert]

ÁPthread or OpenMP

ÁLeft-looking ïrelatively more READs than WRITEs

ÁUse shared task queue to schedule ready columns in 

the elimination tree (bottom up)

ÁOver 12x speedup on conventional 16-CPU SMPs (1999)

P1 P2

DONE NOT

TOUCHED
WORKING

U

L

A

P1

P2

DONE WORKING
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ÁMPI

ÁRight-looking ïrelatively more WRITEs than READs

Á2D block cyclic layout

ÁOne step look-ahead to overlap comm. & comp.

ÁScales to 1000s processors

25

SuperLU_DIST  [Li/Demmel/Grigori]
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User interface ðdistribute input matrices

ÁMatrices involved:

ÅA, B (turned into X) ïinput, users manipulate them

ÅL, U ïoutput, users do not need to see them

ÁA (sparse) and B (dense) are distributed by block rows

Local A stored in

Compressed Row Format

ÅNatural for users, and consistent with other popular packages: 

e.g. PETSc

A B

x     x      x     x

x     x      x

x      x           x

x      x           x

P0

P1

P2
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Distributed input interface

ÁEach process has a structure to store local part 

of A 

Distributed Compressed Row Storage

typedef struct {

int_t   nnz_loc;  // number of nonzeros in the local submatrix

int_t   m_loc;     // number of rows local to this processor

int_t   fst_row;   // global index of the first row

void   *nzval;     // pointer to array of nonzero values, packed by row

int_t   *colind;    // pointer to array of column indices of the nonzeros

int_t   *rowptr;   // pointer to array of beginning of rows in nzval[]and 

colind[]

} NRformat_loc;
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Distributed Compressed Row Storage

ÁProcessor P0 data structure:

Ånnz_loc = 5

Åm_loc = 2

Åfst_row = 0  // 0-based indexing 

Ånzval  = { s,  u,  u,  l,  u }

Åcolind = { 0, 2,   3,  0,  1 }

Årowptr = { 0, 3, 5 }

ÁProcessor P1 data structure:

Ånnz_loc = 7

Åm_loc    = 3

Åfst_row  = 2   // 0-based indexing

Ånzval   = { l,  p,  e,  u,  l,  l,  r }

Åcolind  = { 1, 2,  3,  4,  0, 1, 4 }

Årowptr = { 0, 2, 4, 7 }

u

s u u

l

p
e

l l r
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A is distributed on 2 processors:

u


